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ON A NEW TYPE MULTIVARIABLE HYPERGEOMETRIC FUNCTIONS
D. KORKMAZ-DUZGUN AND E. ERKUS¸-DUMAN
Abstract. In this paper, we define a new type multivariable hypergeometric function. Then,
we obtain some generating functions for these functions. Furthermore, we derive various fami-
lies of multilinear and multilateral generating functions for these multivariable hypergeometric
functions and their special cases are also given.
1. Introduction
Multivariable hypergeometric functions have a great importance in special functions theory.
A lot of integral representations and transformations obtained, generating functions of which
used in a lot of scopes has been studied, for these functions.
A natural generalization of an arbitrary number of p numerator and q denominator parameters
(p, q ∈ N0 = {0}∪N) is called and denoted by the generalized hypergeometric series pFq defined
by [6]
pFq
[
α1, ..., αp;
β1, ..., βq;
z
]
=
∞∑
n=0
(α1)n ... (αp)n
(β1)n ... (βq)n
zn
n!
(1.1)
=p Fq
(
α1, ..., αp;β1, ..., βq; z
)
.
where (λ)ν denotes the Pochhammer symbol defined (in terms of gamma function) by
(λ)ν =
Γ(λ+ ν)
Γ(λ)
(λ ∈ C \ Z−0 )
=
{
1, if ν = 0; λ ∈ C\{0}
λ(λ+ 1)...(λ + n− 1), if ν = n ∈ N; λ ∈ C
,
Z−0 denotes the set of nonpositive integers, and Γ(λ) is gamma function. In (1.1), the absence of
parameters p or q is emphasized by a dash (interpreting an empty product as 1). For example, if
no numerator or denominator parameters are present, i.e., p = q = 0, the result is 0F0 (−;−; z) =
∞∑
n=0
zn
n! similarly if p = 0 and q = 1, then 0F1 (−;β; z) =
∞∑
n=0
zn
(β)n n!
and finally if p = 1 and q = 0,
then 1F0 (α;−; z) =
∞∑
n=0
(α)n zn
n! .
In (1.1), if we choose p = 2, q = 1, we get hypergeometric function and if we also set p = 1,
q = 1, we obtain confluent hypergeometric function Φ.
On the other hand, the second kind Appell functions, the first kind Lauricella functions, the
fourth kind Horn functions and the multivariable fourth kind Horn functions [4, 6] that like
2010 Mathematics Subject Classification. 33C65.
Key words and phrases. hypergeometric function, generating function, Horn functions, Lauricella functions,
Appell functions.
1
2 D. KORKMAZ-DUZGUN AND E. ERKUS¸-DUMAN
respectively,
F2 (α, β1, β2; γ1, γ2;x1, x2) =
∞∑
m,r=0
(α)m+r
(β1)m(β2)r
(γ1)m(γ2)r
xm1
m!
xr2
r!
,
(|x1|+ |x2| < 1)
and
F
(r)
A (α, β1, ..., βr; γ1, ..., γr;x1, ..., xr) =
∞∑
m1,...,mr=0
(α)m1+...+mr
(β1)m1 ...(βr)mr
(γ1)m1 ...(γr)mr
xm11
m1!
...
xmrr
mr!
,
(|x1|+ ...+ |xr| < 1)
and
H4 (α, β; γ1, γ2;x1, x2) =
∞∑
m,r=0
(α)2m+r (β)r
(γ1)m(γ2)r
xm1
m!
xr2
r!
,
(
2
√
|x1|+ |x2| < 1
)
and
(k)H
(r)
4
(
α, βk+1, ..., βr; γ1, ..., γr;x1, ..., xk, xk+1, ..., xr
)
=
∞∑
m1,...,mr=0
(α)2(m1+...+mk)+mk+1+...+mr (βk+1)mk+1 ...(βr)mr
(γ1)m1 ...(γr)mr
xm11
m1!
...
xmrr
mr!
,
(
2(
√
|x1|+ ...+
√
|xk|) + ...+ |xr| < 1
)
.
In this study primarily we define a new type multivariable hypergeometric function, then we
obtain generating functions. Last, we derive families of multilinear and multilateral generating
functions for the multivariable hypergeometric functions and their conclusions are also given.
2. Generating Functions
In this section, we define a new type multivariable hypergeometric function and we obtain
generating functions for these functions.
Definition 1. We define a new type multivariable hypergeometric function as below:
(k)E(r)
(
α, βk+1, ..., βr; γ1, ..., γr;x1, ..., xr
)
(2.1)
: =
∞∑
m1,...,mr=0
(α)ρ(m1+...+mk)+mk+1+...+mr
(βk+1)mk+1 ...(βr)mr
(γ1)m1 ...(γr)mr
xm11
m1!
...
xmrr
mr!
,
where ρ
(√
|x1|+ ...+
√
|xk|
)
+ |xk+1|+ ...+ |xr| < 1, ρ > 0.
Theorem 1. We have the following generating function for the multivariable hypergeometric
function (k)E(r) defined by (2.1):
∞∑
n=0
(λ)n
n!
(k)E (r)
(
λ+ n, βk+1, ..., βr; γ1, ..., γr;x1, ..., xr
)
tn = (1− t)−λ
× (k)E (r)
(
λ, βk+1, ..., βr; γ1, ..., γr;
x1
(1− t)ρ
, ...,
xk
(1− t)ρ
,
xk+1
(1− t)
, ...,
xr
(1− t)
)
where λ ∈ C, |t| < 1.
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Proof. Let T denote the first member of assertion (??),
T =
∞∑
n=0
(λ)n
n!
(k)E (r)
(
λ+ n, βk+1, ..., βr; γ1, ..., γr;x1, ..., xr
)
tn
from Pochhammer symbol properties,
T =
∞∑
m1,...,mr=0
(λ)ρ(m1+...+mk)+...+mk+1+...+mr
(βk+1)mk+1 ...(βr)mr
(γ1)m1 ...(γr)mr
×
(x1)
m1
m1!
...
(xr)
mr
mr!
∞∑
n=0
(λ+ ρ(m1 + ...+mk) +mk+1 + ...+mr)n t
n
(n)!
= (1 − t)−λ
∞∑
m1,...,mr=0
(λ)ρ(m1+...+mk)+...+mk+1+...+mr
(βk+1)mk+1 ...(βr)mr
(γ1)m1 ...(γr)mr
×
(
x1
(1− t)ρ
)m1
...
(
xk
(1− t)ρ
)mk ( xk+1
(1− t)
)mk+1
...
(
xr
(1− t)
)mr 1
m1!
...
1
mr!
= (1 − t)−λ (k)E (r)
(
λ, βk+1, ..., βr; γ1, ..., γr;
x1
(1− t)ρ
, ...,
xk
(1− t)ρ
,
xk+1
(1− t)
, ...,
xr
(1− t)
)
which completes the proof. 
If we set ρ = 2 in (2.1), we clearly see that the multivariable hypergeometric functions are a
generalization of the multivariable fourth kind Horn functions (k)H
(r)
4 [4]:
(k)E(r)
(
α, βk+1, ..., βr; γ1, ..., γr;x1, ..., xr
)
= (k)H
(r)
4
(
α, βk+1, ..., βr; γ1, ..., γr;x1, ..., xr
)
.
Corollary 1. If we take ρ = 2 in Theorem 1, then we have the following relation for the
multivariable fourth kind Horn functions [4]:
∞∑
n=0
(λ)n
n!
(k)H
(r)
4
(
λ+ n, βk+1, ..., βr; γ1, ..., γr;x1, ..., xr
)
tn = (1− t)−λ (k)
×H
(r)
4
(
λ, βk+1, ..., βr; γ1, ..., γr;
x1
(1− t)2
, ...,
xk
(1− t)2
,
xk+1
(1− t)
, ...,
xr
(1− t)
)
,
where λ ∈ C and |t| < 1.
If we choose k = 1, r = 2 in Corollary 1, we immediately have the following conclusion for
the fourth kind Horn functions [6].
Remark 1. We have
∞∑
n=0
(λ)n
n!
H4 (λ+ n, β; γ1, γ2;x1, x2) t
n = (1− t)−λH4
(
λ, β; γ1, γ2;
x1
(1− t)2
,
x2
(1− t)
)
where λ ∈ C and |t| < 1.
If we set k = 0 in Corollary 1, we have the following relation for the first kind Lauricella
functions in [6].
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Remark 2. We have
∞∑
n=0
(λ)n
n!
F
(r)
A (λ+ n, β1, ..., βr; γ1, ..., γr;x1, ..., xr) t
n
= (1− t)−λF
(r)
A
(
λ, β1, ..., βr; γ1, ..., γr;
x1
(1− t)
, ...,
xr
(1− t)
)
,
where λ ∈ C and |t| < 1.
If we choose k = 0, r = 2 in Corollary 1, we immediately have the following conclusion for
the second kind Appell functions [6].
Remark 3. We have the following generating function for the second kind Appell functions:
∞∑
n=0
(λ)n
n!
F2 (λ+ n, β1, β2; γ1, γ2;x1, x2) t
n = (1− t)−λ F2
(
λ, β1, β2; γ1, γ2;
x1
(1− t)
,
x2
(1− t)
)
,
where λ ∈ C and |t| < 1.
Theorem 2. We have the following generating function for the multivariable hypergeometric
functions (k)E(r) defined by (2.1):
∞∑
n=0
(λ)n
n!
(k)E (r)
(
−n, βk+1, ..., βr; γ1, ..., γr;x1, ..., xr
)
tn = (1− t)−λ (2.2)
× (k)E (r)
(
λ, βk+1, ..., βr; γ1, ..., γr;
x1 (−t)
ρ
(1− t)ρ
, ...,
xk (−t)
ρ
(1− t)ρ
,
−xk+1t
(1− t)
, ...,
−xrt
(1− t)
)
where λ ∈ C, |t| < 1.
Proof. Let S denote the first member of assertion (2.2). Then,
S =
∞∑
n=0
ρ(m1+...+mk)+mk+1+...+mr≤n∑
m1,...,mr=0
(λ)n(−n)ρ(m1+...+mk)+mk+1+...+mr
×
(βk+1)mk+1 ...(βr)mr
(γ1)m1 ...(γr)mr
(x1)
m1
m1!
...
(xr)
mr
mr!
tn
n!
where we have used the relation [6, p.102]
∞∑
n=0
m1k1+...+mrkr≤n∑
k1,...,kr=0
Φ (k1, ..., kr;n) =
∞∑
n=0
∞∑
k1,...,kr=0
Φ (k1, ..., kr ;n+m1k1 + ...+mrkr) , (2.3)
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and we get
S =
∞∑
m1,...,mr=0
(βk+1)mk+1 ...(βr)mr
(γ1)m1 ...(γr)mr
×
(x1 (−t)
ρ)m1 ...(xk (−t)
ρ)mk(−xk+1t)
mk+1 ...(−xrt)
mr
(m1)!... (mk)! (mk+1)!... (mr)!
×
∞∑
n=0
(λ)n+ρ(m1+...+mk)+mk+1+...+mrt
n
(n)!
=
∞∑
m1,...,mr=0
(λ)ρ(m1+...+mk)+mk+1+...+mr
(βk+1)mk+1 ...(βr)mr
(γ1)m1 ...(γr)mr
×
(x1 (−t)
ρ)m1 ...(xk (−t)
ρ)mk(−xk+1t)
mk+1 ...(−xrt)
mr
(m1)!... (mk)! (mk+1)!... (mr)!
×
∞∑
n=0
(λ+ ρ(m1 + ...+mk) +mk+1 + ...+mr)n t
n
(n)!
= (1− t)−λ
∞∑
m1,...,mr=0
(λ)ρ(m1+...+mk)+...+mk+1+...+mr
(βk+1)mk+1 ...(βr)mr
(γ1)m1 ...(γr)mr
×
(
x1 (−t)
ρ
(1− t)ρ
)m1
...
(
xk (−t)
ρ
(1− t)ρ
)mk (−xk+1t
(1− t)
)mk+1
...
(
−xrt
(1− t)
)mr 1
m1!
...
1
mr!
= (1− t)−λ
× (k)E (r)
(
λ, βk+1, ..., βr; γ1, ..., γr;
x1 (−t)
ρ
(1− t)ρ
, ...,
xk (−t)
ρ
(1− t)ρ
,
−xk+1t
(1− t)
, ...,
−xrt
(1− t)
)
which completes the proof. 
Theorem 3. We have the following generating function for the multivariable hypergeometric
functions (k)E (r) defined by (2.1):
∞∑
n=0
(k)E (r)
(
−n, βk+1, ..., βr; γ1, ..., γr;x1, ..., xr
) tn
n!
= et0F1 (−, γ1;x1 (−t)
ρ) ...0F1 (−, γk;xk (−t)
ρ)
× Φ
(
βk+1, γk+1;−xk+1t
)
...Φ (βr, γr;−xrt) . (2.4)
where |t| < 1 and 0F1 is hypergeometric series, Φ is confluent hypergeometric function.
Proof. Let S denote the first member of assertion (2.4). Then,
S =
∞∑
n=0
(k)E (r)
(
−n, βk+1, ..., βr; γ1, ..., γr;x1, ..., xr
) tn
n!
=
∞∑
n=0
ρ(m1+...+mk)+mk+1+...+mr≤n∑
m1,...,mr=0
(−n)ρ(m1+...+mk)+mk+1+...+mr
×
(βk+1)mk+1 ...(βr)mr
(γ1)m1 ...(γr)mr
(x1)
m1
m1!
...
(xr)
mr
mr!
tn
n!
6 D. KORKMAZ-DUZGUN AND E. ERKUS¸-DUMAN
and use (2.3),
S =
∞∑
m1,...,mr=0
(βk+1)mk+1 ...(βr)mr
(γ1)m1 ...(γr)mr
×
(x1 (−t)
ρ)m1 ...(xk (−t)
ρ)mk(−xk+1t)
mk+1 ...(−xrt)
mr
(m1)!... (mk)! (mk+1)!... (mr)!
∞∑
n=0
tn
n!
= et
∞∑
m1,...,mr=0
(βk+1)mk+1 ...(βr)mr
(γ1)m1 ...(γr)mr
(x1 (−t)
ρ)m1
(m1)!
...
(xk (−t)
ρ)mk
(mk)!
(−xk+1t)
mk+1
(mk+1)!
...
(−xrt)
mr
(mr)!
= et0F1 (−, γ1;x1 (−t)
ρ) ...0F1 (−, γk;xk (−t)
ρ)Φ
(
βk+1, γk+1;−xk+1t
)
...Φ (βr, γr;−xrt) ,
which completes the proof. 
Theorem 4. We have the following generating function for the multivariable hypergeometric
functions (k)E (r) defined by (2.1):
∞∑
n=0
(λ)n
n!
(k)E(r)
(
α, βk+1, ..., βr; 1− λ− n, γ2, ..., γr;x1, ..., xr
)
tn (2.5)
= (1− t)−λ (k)E (r)
(
α, βk+1, ..., βr; 1− λ, γ2, ..., γr;x1 (1− t) , x2, ..., xr
)
where λ ∈ C, |t| < 1.
Proof. Let T denote the first member of assertion (2.5). Then,
T =
∞∑
n=0
∞∑
m1,...,mr=0
(λ)n(α)ρ(m1+...+mk)+mk+1+...+mr
×
(βk+1)mk+1 ...(βr)mr
(1− λ− n)m1 (γ2)m2 ...(γr)mr
(x1)
m1
m1!
...
(xr)
mr
mr!
tn
n!
=
∞∑
m1,...,mr=0
(α)ρ(m1+...+mk)+mk+1+...+mr
(βk+1)mk+1 ...(βr)mr
(1− λ)m1 (γ2)m2 ...(γr)mr
×
(x1)
m1
m1!
...
(xr)
mr
mr!
∞∑
n=0
(λ−m1)n
n!
tn
= (1− t)−λ
∞∑
m1,...,mr=0
(α)ρ(m1+...+mk)+mk+1+...+mr
(βk+1)mk+1 ...(βr)mr
(1− λ)m1 (γ2)m2 ...(γr)mr
×
(x1 (1− t))
m1
m1!
...
(xr)
mr
mr!
= (1− t)−λ (k)E (r)
(
α, βk+1, ..., βr; 1− λ, γ2, ..., γr;x1 (1− t) , x2, ..., xr
)
which completes the proof. 
In the next theorem, let Ψm denote the following special functions
(k)E (r).
Ψm =
(k)E (r)
(
α, βk+1, ..., βr; 1− λ−m,γ2, ..., γr;x1, ..., xr
)
. (2.6)
Theorem 5. The following generating function for the multivariable hypergeometric functions
Ψm holds true:
∞∑
n=0
(
λ+m+ n− 1
n
)
Ψm+n (x1, ..., xr) t
n = (1− t)−λ−m Ψm (x1 (1− t) , x2, ..., xr) . (2.7)
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Proof. Let T denote the first member of assertion (2.7). Then,
T =
∞∑
n=0
(
λ+m+ n− 1
n
)
Ψm+n (x1, ..., xr) t
n
=
∞∑
n=0
(
λ+m+ n− 1
n
)
(k)E (r)
(
α, βk+1, ..., βr; 1− λ−m− n, γ2, ..., γr;x1, ..., xr
)
tn
from Theorem 4,
T = (1− t)−λ−m (k)E (r)
(
α, βk+1, ..., βr; 1− λ−m,γ2, ..., γr;x1 (1− t) , x2, ..., xr
)
= (1− t)−λ−m Ψm (x1 (1− t) , x2, ..., xr) ,
which completes the proof. 
Similar to Corollary 1, we also get the following corollary for Theorems 2, 3, 4 and 5.
Corollary 2. If we take ρ = 2 in Theorems 2, 3, 4 and 5, then we have new generating relations
for the multivariable fourth kind Horn functions.
If we take ρ = 2, k = 1 and r = 2 in Theorems 2, 3, 4 and 5, then we have new generating
relations for the fourth kind Horn functions.
If we take ρ = 2, k = 0 in Theorems 2, 3, 4 and 5, then we have new generating relations for
the Lauricella functions.
If we take ρ = 2, k = 0 and r = 2 in Theorems 2, 3, 4 and 5, then we have new generating
relations for the second kind Appell functions.
3. Multilinear and Multilateral Generating Functions
In this section, we derive several families of multilinear and multilateral generating function for
multivariable hypergeometric functions defined by (2.1) by using the similar method considered
in [1, 2].
Theorem 6. Corresponding to an identically non-vanishing function Ωµ(y1, ..., ys ) of s complex
variables y1, ..., ys (s ∈ N) and of complex order µ, let
Λµ,ψ(y1, ..., ys; ζ) :=
∞∑
k=0
akΩµ+ψk(y1, ..., ys)ζ
k
where ak 6= 0 , µ, ψ ∈ C and
Θµ,ψn,p (x1, x2; y1, ..., ys; ξ)
:=
[n/p]∑
k=0
ak (λ)n−pk
(k)E (r)
(
λ+ n− pk, βk+1, ..., βr; γ1, ..., γr;x1, ..., xr
)
Ωµ+ψk(y1, ..., ys)
ξk
(n− pk)!
.
Then, for p ∈ N, we have
∞∑
n=0
Θµ,ψn,p
(
x1, x2; y1, ..., ys;
η
tp
)
tn = Λµ,ψ(y1, ..., ys; η)(1− t)
−λ
× (k)E (r)
(
λ, βk+1, ..., βr; γ1, ..., γr;
x1
(1− t)ρ
, ...,
xk
(1− t)ρ
,
xk+1
(1− t)
, ...,
xr
(1− t)
)
(3.1)
provided that each member of (3.1) exists.
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Proof. For convenience, let S denote the first member of the assertion (3.1). Then,
S =
∞∑
n=0
[n/p]∑
k=0
ak (λ)n−pk
(k)E (r)
(
λ+ n− pk, βk+1, ..., βr; γ1, ..., γr;x1, ..., xr
)
× Ωµ+ψk(y1, ..., ys)η
k t
n−pk
(n− pk)!
.
Replacing n by n+ pk, we may write that
S =
∞∑
n=0
∞∑
k=0
ak (λ)n
(k)E (r)
(
λ+ n, βk+1, ..., βr; γ1, ..., γr;x1, ..., xr
)
× Ωµ+ψk(y1, ..., ys)η
k t
n
n!
=
∞∑
n=0
(λ)n
(k)E (r)
(
λ+ n, βk+1, ..., βr; γ1, ..., γr;x1, ..., xr
) tn
n!
×
∞∑
k=0
akΩµ+ψk(y1, ..., yr)η
k
= (k)E (r)
(
λ, βk+1, ..., βr; γ1, ..., γr;
x1
(1− t)ρ
, ...,
xk
(1− t)ρ
,
xk+1
(1− t)
, ...,
xr
(1− t)
)
× (1− t)−λ Λµ,ψ(y1, ..., ys; η),
which completes the proof. 
In a similar manner, we also get the Theorem 7 and 8 immediately.
Theorem 7. Corresponding to an identically non-vanishing function Ωµ(y1, ..., ys ) of s complex
variables y1, ..., ys (s ∈ N) and of complex order µ, let
Λµ,ψ(y1, ..., ys; ζ) :=
∞∑
k=0
akΩµ+ψk(y1, ..., ys)ζ
k
where ak 6= 0 , µ, ψ ∈ C and
Θµ,ψn,p (x1, x2; y1, ..., ys; ξ)
:=
[n/p]∑
k=0
ak (λ)n−pk
(k)E (r)
(
−n− pk, βk+1, ..., βr; γ1, ..., γr;x1, ..., xr
)
Ωµ+ψk(y1, ..., ys)
ξk
(n− pk)!
.
Then, for p ∈ N, we have
∞∑
n=0
Θµ,ψn,p
(
x1, x2; y1, ..., ys;
η
tp
)
tn = Λµ,ψ(y1, ..., ys; η)(1− t)
−λ (3.2)
× (k)E (r)
(
λ, βk+1, ..., βr; γ1, ..., γr;
x1 (−t)
ρ
(1− t)ρ
, ...,
xk (−t)
ρ
(1− t)ρ
,
−xk+1t
(1− t)
, ...,
−xrt
(1− t)
)
,
provided that each member of (3.2) exists.
Theorem 8. Corresponding to an identically non-vanishing function Ωµ(y1, ..., ys ) of s complex
variables y1, ..., ys (s ∈ N) and of complex order µ, let
Λµ,ψ(y1, ..., ys; ζ) :=
∞∑
k=0
akΩµ+ψk(y1, ..., ys)ζ
k
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where ak 6= 0 , µ, ψ ∈ C and
Θµ,ψn,p (x1, x2; y1, ..., ys; ξ)
:=
[n/p]∑
k=0
ak
(k)E (r)
(
−n− pk, βk+1, ..., βr; γ1, ..., γr;x1, ..., xr
)
× Ωµ+ψk(y1, ..., ys)
ξk
(n− pk)!
.
Then, for p ∈ N, we have
∞∑
n=0
Θµ,ψn,p
(
x1, x2; y1, ..., ys;
η
tp
)
tn = Λµ,ψ(y1, ..., ys; η)
× et0F1 (−, γ1;x1 (−t)
ρ) ...0F1 (−, γk;xk (−t)
ρ)
× Φ
(
βk+1, γk+1;−xk+1t
)
...Φ (βr, γr;−xrt) , (3.3)
provided that each member of (3.3) exists.
Theorem 9. Corresponding to an identically non-vanishing function Ωµ(y1, ..., yr ) of r complex
variables y1, ..., yr (r ∈ N) and of complex order µ, let
Λm,q(x1, ..., xr; y1, ..., yr; t) :=
∞∑
n=0
an Ψm+nq (x1, ..., xr) Ωµ+pn(y1, ..., yr)t
n,
where (an 6= 0 , µ ∈ C), Ψm is defined by (2.6) and
Np,µn,m,q(y1, ..., yr; z) :=
[n/q]∑
k=0
akΩµ+pk(y1, ..., yr)z
k.
Then, for every nonnegative integer m,
∞∑
n=0
(
λ+m+ n− 1
n
)
Ψm+n (1, ..., xr)N
p,µ
n,m,q(y1, ..., yr; z)t
n (3.4)
= (1− t)−λ−mΛm,q
(
x1 (1− t) , x2, ..., xr; y1, ..., yr;
ztq
(1− t)q
)
provided that each member of (3.4) exists.
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Proof. Let T denote the left-hand side of equality (3.4). Then we have
T =
∞∑
n=0
(
λ+m+ n− 1
n
)
Ψm+n (x1, ..., xr)
[n/q]∑
k=0
akΩµ+pk(y1, ..., yr)z
ktn
=
∞∑
k=0
(
∞∑
n=0
(
λ+m+ n+ qk − 1
n
)
Ψm+n+qk (x1, ..., xr) t
n
)
× akΩµ+pk(y1, ..., yr) (zt
q)k
=
∞∑
k=0
(1− t)−λ−m−qk Ψm+qk (x1 (1− t) , x2, ..., xr) akΩµ+pk(y1, ..., yr) (zt
q)k
= (1− t)−λ−m
∞∑
k=0
akΨm+qk (x1 (1− t) , x2, ..., xr) Ωµ+pk(y1, ..., yr)
(
ztq
(1− t)q
)k
= (1− t)−λ−m Λm,q
(
x1 (1− t) , x2, ..., xr ; y1, ..., yr;
ztq
(1− t)q
)
,
which completes the proof. 
4. Special Cases
As an application of the above Theorems, when the multivariable function Ωµ+ψk(y1, ..., ys) ,
k ∈ N0, s ∈ N , is expressed in terms of simpler functions of one and more variables, then we
can give further applications of the above theorems. We first set
s = r, Ωµ+ψk(y1, ..., yr ) = u
(α1,...,αr)
µ+ψk (y1, ..., yr)
in Theorem 6, where the Erkus-Srivastava polynomials u
(α1,...,αr)
n (x1, ..., xr), generated by [1]
∞∑
n=0
u(α1,...,αr)n (x1, ..., xr)
tn
n!
=
r∏
j=1
{(1− xjt
mj )−αj}. (4.1)
We are thus led to the following result which provides a class of bilateral generating func-
tions for the (k)E(r) multivariable hypergeometric functions and Erkus-Srivastava polynomials
respectively defined by (2.1) and generated by (4.1).
Corollary 3. If
Λµ,ψ(y1, ..., yr; ζ) :=
∞∑
k=0
aku
(α1,...,αr)
µ+ψk (y1, ..., yr)ζ
k
(ak 6=0, µ, ψ ∈ C)
then, we have
∞∑
n=0
[n/p]∑
k=0
ak (λ)n−pk
(k)E (r)
(
λ+ n− pk, βk+1, ..., βr; γ1, ..., γr;x1, ..., xr
)
× u
(α1,...,αr)
µ+ψk (y1, ..., yr)
ηk
tpk
tn
(n − pk)!
= (k)E(r)
(
λ, βk+1, ..., βr; γ1, ..., γr;
x1
(1− t)ρ
, ...,
xk
(1− t)ρ
,
xk+1
(1− t)
, ...,
xr
(1− t)
)
× (1− t)−λ Λµ,ψ(y1, ..., yr; η), (4.2)
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provided that each member of (4.2) exists.
Remark 4. Using the generating relation (4.1) for Erkus-Srivastava polynomials and getting
ak = 1, µ = 0, ψ = 1 in Corollary 3, we find that
∞∑
n=0
[n/p]∑
k=0
(λ)n−pk
(k)E (r)
(
λ+ n− pk, βk+1, ..., βr; γ1, ..., γr;x1, ..., xr
)
× u
(α1,...,αr)
k (y1, ..., yr)
ηktn−pk
(n− pk)!
= (1− t)−λ (k)E (r)
(
λ, βk+1, ..., βr; γ1, ..., γr;
x1
(1− t)ρ
, ...,
xk
(1− t)ρ
,
xk+1
(1− t)
, ...,
xr
(1− t)
)
×
r∏
j=1
{(1− yiη
mj )−αi}.
If we set
Ωµ+ψk(y1, ..., yr ) =
(k)E (r)
(
λ+ (µ+ ψk), βk+1, ..., βr; γ1, ..., γr;x1, ..., xr
)
.
or
Ωµ+ψk(y1, ..., yr ) =
(k)E (r)
(
−(µ+ ψk), βk+1, ..., βr; γ1, ..., γr;x1, ..., xr
)
in Theorem 6, 7 and 8 we have bilinear generating function relations for the multivariable
hypergeometric functions.
On the other hand choosing
s = r, Ωµ+ψk(y1, y2) =
(k)H
(r)
4
(
− (µ+ ψk) , βk+1, ..., βr; γ1, ..., γr;x1, ..., xr
)
in Theorem 7, where the multivariable fourth kind Horn functions [7], generated by
∞∑
n=0
(λ)n
n!
(k)H
(r)
4
(
−n, βk+1, ..., βr; γ1, ..., γr;x1, ..., xr
)
tn (4.3)
= (1− t)−λ (k)H
(r)
4
(
λ, βk+1, ..., βr; γ1, ..., γr;
x1t
2
(1− t)2
, ...,
xkt
2
(1− t)2
,
−xk+1t
(1− t)
, ...,
−xrt
(1− t)
)
,
where |t| < 1.
We are thus led to the following result which provides a class of bilateral generating functions
for the multivariable hypergeometric functions (k)E(r) and the multivariable fourth kind Horn
functions.
Corollary 4. If
Λµ,ψ(y1, ..., yr ; ζ) :=
∞∑
k=0
ak
(k)H
(r)
4
(
− (µ+ ψk) , βk+1, ..., βr; γ1, ..., γr; y1, ..., yr
)
ζk
(ak 6= 0, µ, ψ ∈ C)
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then, we have
∞∑
n=0
[n/p]∑
k=0
ak (λ1)n−pk
(k)E (r)
(
−n− pk, βk+1, ..., βr; γ1, ..., γr;x1, ..., xr
)
× (k)H
(r)
4
(
− (µ+ ψk) , βk+1, ..., βr; γ1, ..., γr; y1, ..., yr
) ηktn−pk
(n− pk)!
= (1− t)−λ1 (k)E (r)
(
λ1, βk+1, ..., βr; γ1, ..., γr;
x1 (−t)
ρ
(1− t)ρ
, ...,
xk (−t)
ρ
(1− t)ρ
,
−xk+1t
(1− t)
, ...,
−xrt
(1− t)
)
× Λµ,ψ(y; η) (4.4)
provided that each member of (4.4) exists.
Remark 5. Using the generating relation (4.3) for multivariable fourth kind Horn functions and
getting ak =
(λ2)k
k! , µ = 0, ψ = 1, in Corollary 4, we find that
∞∑
n=0
[n/p]∑
k=0
(λ2)k (λ1)n−pk
(k)E (r)
(
−n− pk, βk+1, ..., βr; γ1, ..., γr;x1, ..., xr
)
× (k)H
(r)
4
(
−k, βk+1, ..., βr; γ1, ..., γr; y1, ..., yr
) ηktn−pk
k! (n− pk)!
= (1− t)−λ1 (k)E (r)
(
λ1, βk+1, ..., βr; γ1, ..., γr;
x1 (−t)
ρ
(1− t)ρ
, ...,
, xk (−t)
ρ
(1− t)ρ
,
−xk+1t
(1− t)
, ...,
−xrt
(1− t)
)
× (1− η)−λ2 (k)H
(r)
4
(
λ2, βk+1, ..., βr; γ1, ..., γr;
y1η
2
(1− η)2
, ...,
ykη
2
(1− η)2
,
−yk+1η
(1− η)
, ...,
−yrη
(1− η)
)
.
Furthermore, for every suitable choice of the coefficients ak (k ∈ N0), if the multivariable
functions Ωµ+ψk(y1, ..., yr), r ∈ N , are expressed as an appropriate product of several simpler
functions, the assertions of Theorems 6, 7, 8 and 9 can be applied in order to derive various
families of multilinear and multilateral generating functions for the multivariable hypergeometric
functions (k)E(r) defined by (2.1).
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